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Abstrat
We present a mesosopi model for reative shok waves, whih extends the model proposed
in [9℄. A omplex moleule (or a group of moleules) is replaed by a single mesopartile,
evolving aording to some Dissipative Partile Dynamis. Chemial reations an be handled
in a mean way by onsidering an additional variable per partile desribing the progress of
the reation. The evolution of the progress variable is governed by the kinetis of a reversible
exothermi reation. Numerial results give proles in qualitative agreement with all-atom
studies.
1 Introdution
Whereas multimillion atoms simulations are nowadays ommon in moleular dynamis studies
with simple potentials, the time and spae sales numerially tratable are still far from being
marosopi. The situation is even worse for nonequilibrium proesses suh as shok and
detonation waves. Indeed, the simulation of detonation requires the desription of a thin shok
front, moving at high veloity, usually using a ompliated empirial potential able to treat
hemial events happening (dissoiation, reombination - see [1℄ for a fundamental referene).
To this end, toy moleular models were proposed at the early stages of moleular simulations
of detonation (see e.g. [2℄), until the rst all-atom studies in the nineties [3, 4℄, allowed
by the development of bond order potentials. Nevertheless, despite reent advanes in the
development of reative fore elds [5℄, the simulation of the deomposition of real materials
still remains onned to small systems sizes and short time sales (see for example [6℄ for a
state of the art study). A diret simulation of the marosopi reation zone of a real material
is well beyond urrent omputer apabilities, highlighting the importane of the development
of redued model for detonation.
Following the pioneering works of Holian and Strahan [7, 8℄, a redued model for (inert)
shok waves was proposed in [9℄, where omplex moleules are replaed by mesopartiles.
These mesopartiles are desribed by their positions, momenta, and have an additional degree
of freedom: their internal energies. This model is strongly inspired by Dissipative Partile
Dynamis (DPD) [10℄ with onserved energy [11, 12℄. In redued models for shok waves [8, 9℄,
one mesopartile stands for one omplex moleule. Redued models are interesting in pratie
to simulate large systems, and as an intermediate step in a truly multisale approah, where
some parts of the system ould be treated with all-atom models, while the remaining parts
would be treated with hydrodynami models, implemented with partile disretizations suh
as Smoothed Partile Hydrodynamis [13, 14℄. A rst step to suh a general formalism in the
equilibrium ase is proposed in [15℄.
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In the reative ase, exothermi hemial reations are triggered when the shok passes,
and the energy liberated sustains the shok. To model detonation at the mesosopi level, we
introdue a new variable per mesopartile, namely a progress variable, whih haraterizes the
progress of the hemial deomposition. The dynamis an then be split into three elementary
physial proesses:
(i) the translational dynamis of the partiles, given by the dynamis of inert materials [9℄;
(ii) the evolution of hemial reations through some kinetis on the progress variable;
(iii) the exothermiity of the reation: energy transfers between hemial and mehanial
plus internal energies have to be preised.
The paper is organized as follows. After summarizing the dynamis for inert materials,
we turn to the evolution of the progress variable and the treatment of the exothermiity
in the reative ase. A numerial implementation relying on some splitting based on the
deomposition of the dynamis into elementary physial proesses is also proposed. Numerial
results eventually onrm the orret behavior of the model. Let us emphasize that we aim
here at proposing a dynamis in qualitative agreement with all-atom detonation simulations,
giving orret orders of magnitude for the speed of the detonation front and the width of the
reation zone. This dynamis is of ourse parametrized by a ertain olletion of parameters
desribing the initial and the nal material, as well as the hemial kinetis. We however tried
to limit their total number to keep only the essential ones, and give some traks to estimate
these parameters from small all-atom numerial simulations or physial experiments.
2 A redued model for inert shok waves
We briey reall here the inert model presented in [9℄. We onsider a system of N meso-
sopi partiles with positions (q1, . . . , qN ), momenta (p1, . . . , pN), masses (m1, . . . ,mN), and
internal energies (ǫ1, . . . , ǫN ). The internal temperature Ti is dened as T
−1
i =
ds(ǫi)
dǫi
. The
funtion s ≡ s(ǫ) is the mirosopi equation of state of the system, and relates the miro-
sopi entropy s (arising from the existene of degrees of freedom not expliitely represented)
and the internal energy ǫ. As a rst approximation, s(ǫ) = Cv ln ǫ. Denoting by T¯ the refer-
ene temperature, β = 1/(kBT¯ ), and V the interation potential, the system evolves in the
inert ase as
dqi =
pi
mi
dt,
dpi =
X
j, j 6=i
−∇qiV (rij) dt− γijχ
2(rij)vij dt
+σχ(rij)dWij , (1)
dǫi =
1
2
X
j, j 6=i
χ2(rij)
„
γijv
2
ij −
dσ2
2
„
1
mi
+
1
mj
««
dt− σ χ(rij)vij · dWij ,
where rij = |qi−qj |, vij =
pi
mi
−
pj
mj
, χ is a weighting funtion (with support in [0, rc] for some
ut-o radius rc), and the proesses Wij are independent d-dimensionnal standard Wiener
proesses suh that Wij = −Wji. The utuation-dissipation relation relating the fritions
γij and the magnitude σ of the random foring is
γij = σ
2βij/2, βij =
1
kBTij
=
1
2kB
„
1
Ti
+
1
Tj
«
. (2)
Notie that we impliitely dened the temperature Tij as the average internal temperature:
Tij = (Ti + Tj)/2. It an be shown that the measure
dρ(q, p, ǫ) = Z−1e−βH(q,p) exp
 X
i
s(ǫi)
kB
− βǫi
!
δE=E0 δP=P0 dq dp dǫ
is an invariant measure of the dynamis. In pratie, we set σ2 = 2γ/β and therefore γij/γ =
T¯ /Tij . The parameters used in the inert dynamis an be estimated as in [9℄.
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3 Evolution of the progress variable
In the reative ase, hemial reations are triggered when the shok passes. To model the
progress of the reation, an additional degree of freedom, a progress variable λi, is attahed
to eah partile. For the model reation
2AB⇄ A2 + B2, (3)
the state λ = 0 orresponds to a moleule AB, whereas the state λ = 1 orresponds to A2
+ B2. Representing the progress of the hemial reation by a real-value parameter seems
questionable when a mesopartile stands for a single moleule. The progress variable should
therefore rather be seen as some dissoiation probability, or progress along some free energy
prole.
Sine the model reation (3) involves two speies on eah side, we postulate for example
the reversible evolution:
dλi
dt
=
X
j 6=i
ωr(rij) [K1(Tij)(1− λi)(1− λj) +K2(Tij)λiλj ] (4)
when 0 ≤ λi ≤ 1, and
dλi
dt
= 0 otherwise (in order to ensure that the progress variables
remains in [0, 1]). The funtion ωr in (4) is a weight funtion (with support in [0, rreac]), and
the mean temperature Tij is dened as in (2). We term this reation 'reversible' sine λi
an either inrease or derease. The motivation for the postulated kinetis (4) is the physial
piture of a seond-order reation, where two moleules have to interat for the dissoiation
proess to our. Of ourse, many other kinetis are also possible, suh as the rst-order
irreversible evolution
dλi
dt
= K(〈Ti〉)(1− 〈λi〉),
where 〈h〉 =
P
j ωr(rij)hi denotes a loal spatial average. The hoie of the reation kinetis
is really a modelling hoie, depending on the physial ontext.
The reation onstants K1, K2 are assumed to depend only on internal temperatures of
partiles. For example, a possible form in the Arrhénius spirit is:
K1(T ) = Z1 e
−E1/kBT , K2(T ) = Z2 e
−E2/kBT . (5)
In this expression, E1 and E2 are the ativation energies of, respetively, the forward and
bakward reations. In view of our hoie (4) of reation kinetis, the total inrement of the
progress variable is therefore the sum of all elementary pair inrements, whih is very muh
in the DPD spirit. The parameters Z1, Z2, E1, E2 in the above equation an be obtained from
all-atom deomposition simulations or diretly from experiments. In partiular, Z1 and E1 an
be extrated in the Arrhénius framework from the analysis of deomposition rates at dierent
initial temperatures. The onstants Z2 and E2 an be evaluated using thermohemial data
(formation enthalpies).
For very exothermi reations, E2 ≫ E1, and both energies are large sine the ativation
energy is usually large for energeti materials. The inrement of a given reation rate is
therefore non-negligible only if the material is suiently heated. In pratie, this an be
ahieved when a strong shok is initiated in the system. If this shok is not strong enough,
hemial reations do not our fast enough, and sine the energy release is not suient,
the shok wave is weakened until it transforms into a soni wave. On the ontrary, if the
shok wave is strong enough, hemial reations happen lose enough to the detonation front,
and the energy released sustains the shok wave suh that it transforms into a stationary
detonation wave. The progress of the reation also modies the mehanial properties of the
material. In partiular, reation produts usually have a larger spei volume than reatants
(at xed thermodynami onditions). Therefore, some expansion is expeted. The hanges in
the nature of the moleules are taken into aount by introduing two additional parameters
ka, kE and using some mixing rule suh as Berthelot's rule. When the interation potential
is of Lennard-Jones form, the interation between the mesopartiles i and j is then given by
V (rij , λi, λj) = 4Eij
 „
aij
rij
«12
−
„
aij
rij
«6!
, (6)
3
with
Eij = E
p
(1 + kEλi)(1 + kEλj),
and
aij = a
„
1 + ka
λi + λj
2
«
.
When the reation is omplete, the material initially desribed by a Lennard-Jones potential
of parameters a,E is then desribed by a Lennard-Jones of parameters a′ = a(1 + ka) and
E′ = E(1 + kE).
4 Treatment of the exothermiity
We denote by ∆Eexthm the exothermiity of the reation (3). It is expeted that ∆Eexthm =
E2 − E1. We assume that the energy is liberated progressively during the reation, in a
manner that the total energy of the system (hemial, mehanial, internal) is preserved:
dHtot = d
2
4 NX
i=1
p2i
2mi
+ ǫi + (1− λi)∆Eexthm +
X
1≤i<j≤N
V (rij , λi, λj)
3
5 = 0.
In order to propose a dynamis satisfying this ondition, we have to make an additional
assumption about the evolution of the system. Negleting diusive proesses, we require
that, during the elementary step orresponding to exothermiity, the total energy of a given
mesopartile does not hange
1
:
d
2
41
2
X
i6=j
V (rij , λi, λj)
3
5+ d„ p2i
2mi
+ ǫi −∆Eexthmλi
«
= 0. (7)
We then onsider evolutions of momenta and internal energies balaning the variations in the
total energy due to the variations of λ (exothermiity, hanges in potential energies). This is
analogous to the fat that the variations of kineti energy in (1) are ompensated by varia-
tions of internal energies. It is expeted that the hemial energy liberated by the reation is
onverted into internal energy and kineti energy. It therefore remains to preise the quanti-
tative distribution of the energy. This is done using a predetermined ratio 0 < c < 1. This
ratio ould be measured in gas phase deomposition experiments, using spetrosopy mea-
surements (possibly numerial simulations as well, by omputing the temperature of internal
degrees of freedom after the reation). Alternatively, it is possible to postulate that c should
be omparable to the ratio of the number of external degrees of freedom for the produts of
the dissoiation of one omplex moleule (denoted by Ne), divided by the total number of
degrees of freedom Nt in a omplex moleule (assuming some equipartition of the liberated
hemial energy). For exothermi hemial deompositions, it is expeted that a single om-
plex moleule breaks into several smaller moleules (still aggregated in a single mesopartile),
so that the above ratio Ne/Nt should be lose to 0.5. Let us however emphasize at this point
that numerial proles obtained here are robust enough with respet to the hoie of c.
For the internal energies, the exothermiity of the reation is modelled as dǫi = dEi with
dEi = −c
0
@d
2
41
2
X
i6=j
V (rij , λi, λj)
3
5−∆Eexthmdλi
1
A .
For the momenta, we onsider proess Pi with dpi = dPi suh that
d
„
p2i
2m
«
= −(1− c)
0
@d
2
41
2
X
i6=j
V (rij , λi, λj)
3
5−∆Eexthmdλi
1
A .
We explain in the next setion how this is done in pratie (see Eq. (10)).
Let us emphasize at this point that there are many other possible ways to treat the
exothermiity. For instane, it would be possible to onsider instantaneous reations (jump
1
Of ourse, during the elementary step orresponding to the dynamis (1), the total energy hanges.
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proesses for whih λ hanges from 0 to 1) ouring at random times, the probability of
reation depending on the progress variable. However, it is not lear whether suh a dynamis
is reversible, sine the reverse reation requires partiles to have large kineti and internal
energies. In omparison, the proess desribed here is progressive and therefore, muh more
reversible.
Finally, we propose the following dynamis to desribe reative shok waves:
dqi =
pi
mi
dt,
dpi =
X
j, j 6=i
−∇qiV (rij , λi, λj) dt− γijχ
2(rij)vij dt+ σχ(rij)dWij + dPi, (8)
dǫi =
1
2
X
j, j 6=i
χ2(rij)
„
γijv
2
ij −
dσ2
2
„
1
mi
+
1
mj
««
dt− σ χ(rij)vij · dWij + dEi,
dλi =
X
j 6=i
ωr(rij) [K1(Tij)(1− λi)(1− λj) +K2(Tij)λiλj ] dt,
where dPi, dEi are suh that (7) holds, i.e. the total energy is onserved. The utuation-
dissipation relation relating γij and σ is still (2). Notie also that the inert dynamis (1) of [9℄
is reovered when Z1 = Z2 = 0, starting from λi = 0 for all i.
5 Numerial implementation
The numerial integration of (8) is done using a deomposition of the dynamis into ele-
mentary stohasti dierential equations. We denote by φtinert the ow assoiated with the
dynamis (1), and by φtreac the ow assoiated with the remaining part of the dynamis (8):
∀1 ≤ i ≤ N ,8<
:
dλi =
P
j 6=i ωr(rij) [K1(Tij)(1− λi)(1− λj) +K2(Tij)λiλj ] dt,
dpi = dPi,
dǫi = dEi.
(9)
A one-step integrator for a time-step ∆t is onstruted as
(qn+1, pn+1, ǫn+1, λn+1) = Φ∆treac ◦ Φ
∆t
inert(q
n, pn, ǫn, λn).
A possible numerial ow Φ∆tinert is given in [9℄.
Let us now onstrut a numerial ow Φ∆treac approximating the ow φ
∆t
reac. Denoting
(qn+1, p˜n, ǫ˜n, λn) = Φ∆tinert(q
n, pn, ǫn, λn), we rst integrate the evolution equation on the
progress variables λi using a rst-order expliit integration:
λ˜n+1i = λ
n
i +
X
j 6=i
ωr(r
n+1
ij )
h
K1(T˜
n
ij)(1− λ
n
i )(1− λ
n
j )K2(T˜
n
ij)λ
n
i λ
n
j
i
∆t.
We then set λn+1i = min(max(0, λ˜
n+1
i ), 1) in order to ensure that the progress variable remains
between 0 and 1. One all progress variables are updated, the variation δEni in the total energy
of partile i due to the variations of {λj} is omputed as
δEni = (λ
n+1
i − λ
n
i )∆Eexthm +
1
2
X
j 6=i
`
V (rn+1ij , λ
n+1
i , λ
n+1
j )− V (r
n+1
ij , λ
n
i , λ
n
j )
´
.
The onservation of total energy is then ensured through variations of internal and kineti
energies. The internal energies are updated as ǫn+1i = ǫ˜
n
i + c δE
n
i . The update of p
n+1
i is done
by adding to pni a vetor with random diretion, so that the nal momentum is suh that the
kineti energy is orret. More preisely, when the dimension of the physial spae is d = 2
for example, an angle θni is hosen at random in the interval [0, 2π], the angles (θ
n
i )i,n being
independent and identially distributed random variables. The new momentum pn+1i is then
onstruted suh that
pn+1i = p
n
i + α
n(cos θni , sin θ
n
i ),
(pn+1i )
2
2mi
=
(p˜ni )
2
2mi
+ (1− c) δEni . (10)
Solving this equation in αn gives the desired result.
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6 Numerial results
We present in this setion numerial results obtained for the dynamis (8) of a two-dimensional
uid. A shok is initiated using a piston of veloity up during a time tp. The initial onditions
for the positions qi, momenta pi and internal energies ǫi are sampled as proposed in [9℄.
We onsider the following parameters, inspired by the nitromethane example (in whih
ase the moleule CH3NO2 would replaed by a mesopartile in a spae of 2 dimensions).
The parameters an be lassied in four main ategories, depending on whether they desribe
the mehanial properties of the material, haraterize the inert dynamis and the hemial
kinetis, or are related to the exothermiity. We onsider here a system with
• (Material parameters) a molar mass m = 80 g/mol, desribed by a Lennard-Jones
potential of parameter ELJ = 3 × 10
−21
J (melting temperature around 220 K) and
a = 5 Å, with a ut-o radius rcut = 15 Å for the omputation of fores. The hanges
in the parameters of the Lennard-Jones material during the reation follow (6), using
kE = 0 and ka = 0.2 (pure expansion).
• (Parameters of the inert dynamis) The mirosopi state law is ǫ = CvT with Cv =
10 kB (i.e., 20 degrees of freedom are not represented). The frition is γ = 10
−15
kg/s,
and the dissipation weighting funtion χ(r) = (1− r/rc), with rc = rcut.
• (Chemial kinetis) For the hemial reation (4), reation onstants are omputed
using (5) with Z1 = Z2 = 10
17
s
−1
, E1/kB = 15000 K, the exothermiity being
∆Eexthm = 6.25 eV. The reation weighting funtion ω(r) = χ(r);
• (Exothermiity) we hoose c = 0.5.
The initial density of the system is ρ = 1.06 g/m−3, and the initial temperature T¯ = 300 K.
The time-step used is ∆t = 2× 10−15 s. Figure 1 presents veloity proles averaged in thin
slies of the material in the diretion of the shok, for a ompression time tp = 2 ps at a veloity
up = 5000 m/s. We tested the independene of veloity proles in the reation zone with
respet to dierent initial loadings (tp, up) = (1 ps, 6000 m/s), (tp, up) = (2 ps, 6000 m/s),
(tp, up) = (3 ps, 6000 m/s) and (tp, up) = (3 ps, 5000 m/s).
The veloity of the shok front is onstant, and approximately equal to us = 1820 m/s.
Notie that the wave an be divided into three regions: the upstream region is unperturbed;
the region around the shok front where hemial reations happen is of onstant width
(approximately 300-400 Å, whih is onsistent with all-atoms studies, see for instane [16℄);
the downstream region is an autosimilar rarefation wave. This prole is therefore reminisent
of ZND proles [1℄ enountered in hydrodynami simulations of detonation waves.
Figure 2 presents the evolution of internal and kineti temperatures averaged in a slie of
material in the diretion of the shok as a funtion of time (Left), as well as the evolution of
the average progress variables (Right). In partiular, the reation does not start immedialely
at the shok front: the ignition asks rst for a suient heating of the material (through
an inreasing internal energy), sine the reation onstant are too low at temperatures lower
than a few thousands Kelvins with the values hosen here.
7 Conlusion and perspetives
In onlusion, we extended the mesosopi inert model for shok waves of [9℄ to the reative
ase. The key idea is to introdue an additional variable desribing the progress of the reation,
and to postulate an ativated exothermi hemial reation. Provided the initial loading is
strong enough, the energy released by hemial reations sustains the shok wave, whose front
then travels unperturbed in the material, followed by a rarefation wave.
Now that while the qualitative behavior of the model is granted, more quantitative studies
must be pursued, where a areful omparison between all-atom numerial results and the
proles predited by the redued model proposed here are to be ompared. Suh studies were
already performed in the inert ase [8, 9℄.
A promising trak for a real multisale modelling of detonation waves would now be
to further redue the model proposed here, in order to obtain a desription of matter at
a sale truly intermediate between SPH and all-atom models. In suh a model, random
utuations would still be present, though of muh lower magnitude; on the other hand, loal
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Figure 1: (olor online) Veloity proles in the material at dierent times, with shok fronts
aligned (Blak: t = 1.6× 10
−10
s; Blue: t = 2.0× 10
−10
s; Red: t = 2.4× 10
−10
s).
Figure 2: (olor online) Left : variations of internal (red) and kineti (blak) temperatures in the
diretion of the shok, as a funtion of time in a slie of material. Right: evolution of the progress
variable averaged in a slie of material as a funtion of time (blue). For omparison, a resaled
internal temperature prole is also presented (blak).
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thermodynami elds (suh as pressure) should also be introdued. Suh an intermediate
model is neessary to desribe mesosopi eets having an impat on the marosopi features
of the detonation, suh as hot spot ignition.
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